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Lieb's conjecture for the Wehrl entropy of Bloch coherent states 
is proved for spin 1 and spin 3/2. Using a geometric representation 
we solve the entropy integrals for states of arbitrary spin and evaluate 
k> I them explicitly in the cases of spin 1, 3/2, and 2. We also give a group 

3 . theoretic proof for all spin of a related inequality. 
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1 Introduction 



Wehrl proposed [|16l a hybrid between quantum mechanical and classical en- 
tropy that enjoys monotonicity, strong subadditivity and positivity - phys- 
ically desirable properties, some of which both kinds of entropy lack |^, ^ . 
This new entropy is the ordinary Shannon entropy of the probability density 
provided by the lower symbol of the density matrix. 

For a quantum mechanical system with density matrix p, Hilbert space 
7i, and a family of normalized coherent states |z), parametrized symbolically 
by z and satisfying ^ dz\z)l\z\ = 1 (resolution of identity), the Wehrl entropy 



IS 



Sw{p) = — dz {z\p\z)\n{z\p\z). (1) 

Like quantum mechanical entropy, Sq = — tr p In p, Wehrl entropy is always 
non-negative, in fact Sw > Sq > 0. In view of this inequality it is interesting 
to ask for the minimum of Sw and the corresponding minimizing density 
matrix. It follows from concavity of —x In x that a minimizing density matrix 
must be a pure state, i.e., p = \4'){4'\ for a normalized vector \ip) G 7Y 0. 
(Note that Sw{\i^){4'\) depends on lip) and is non-zero, unlike the quantum 
entropy which is of course zero for pure states.) 

For Glauber coherent states Wehrl conjectured [jTB| and Lieb proved |^ 



that the minimizing state {ip) is again a coherent state. It turns out that all 
Glauber coherent states have Wehrl entropy one, so Wehrl's conjecture can 
be written as follows: 

Theorem 1.1 (Lieb) The minimum of Sw{p) for states in H = L^(R) is 
one, 

Swmm = -ldzmz)\HnMz)\' > i, (2) 

with equality if and only if lip) is a coherent state. 



To prove this, Lieb used a clever combination of the sharp Hausdorff- Young 
inequahty 0, ^ |Tl| and the sharp Young inequahty [^, |, P, to show that 

dz\{zm^'<i, s>i, (3) 

again with equahty if and only if \il)) is a coherent state. Wehrl's conjecture 
follows from this in the limit s ^ 1 essentially because (0) is the derivative 
of (H) with respect to s at s = 1. All this easily generalizes to L^(]R") [^, |T0 



The lower bound on the Wehrl entropy is related to Heisenberg's uncer- 
tainty principle [||, |[ and it has been speculated that Sw can be used to 
measure uncertainty due to both quantum and thermal fluctuations 0. 

It is very surprising that 'heavy artillery' like the sharp constants in the 
mentioned inequalities are needed in Lieb's proof. To elucidate this situation, 
Lieb suggested studying the analog of Wehrl's conjecture for Bloch coher- 
ent states |r2), where one should expect significant simplification since these 
are finite dimensional Hilbert spaces. However, no progress has been made, 
not even for a single spin, even though many attempts have been made 0. 
Attempts to proceed again along the lines of Lieb's original proof have failed 
to provide a sharp inequality and the direct computation of the entropy and 



related integrals, even numerically, was unsuccesful [14]. 

The key to the recent progress is a geometric representation of a state of 
spin j as 2j points on a sphere. In this representation the expression |(r2|?/')p 
factorizes into a product of 2j functions /« on the sphere, which measure the 
square chordal distance from the antipode of the point parametrized by Vt to 
each of the 2j points on the sphere. Lieb's conjecture, in a generalized form 
analogous to (|]) , then looks like the quotient of two Holder inequalities 

ii/i •• - f^jis ^ n»=i ifihjs . ,x 

\\h---hh- nEii/.b/ ^^ 

with the one with the higher power winning against the other one. We shall 
give a group theoretic proof of this inequality for the special case s G N in 
theorem I 



In the geometric representation the Wehrl entropy of spin states finds a 
direct physical interpretation: It is the classical entropy of a single particle 
on a sphere interacting via Coulomb potential with 2j fixed sources; s plays 
the role of inverse temperature. 

The entropy integral (|I]) can now be done because |(r2|^)p factorizes and 
one finds a formula for the Wehrl entropy of any state. When we evaluate 
the entropy explicitly for states of spin 1, 3/2, and 2 we find surprisingly 
simple expressions solely in terms of the square chordal distances between 
the points on the sphere that define the given state. 

A different, more group theoretic approach seems to point to a connection 
between Lieb's conjecture and the norm of certain spin js states with 1 < 
s G M 0. So far, however, this has only been useful for proving the analog 
of inequality @ for s G N. 

We find that a proof of Lieb's conjecture for low spins can be reduced 
to some beautiful spherical geometry, but the unreasonable difficulty of a 
complete proof is still a great puzzle; its resolution may very well lead to 
interesting mathematics and perhaps physics. 

2 Bloch coherent spin states 

Glauber coherent states \z) = 7r'ie~^^~'^' /^e*^^, parametrized by 2; = (g + 
ip)/^/2 and with measure dz = dpdq/2n, are usually introduced as eigen- 
vectors of the annihilation operator a = (x + ip)/-\/2, a\z) = z\z), but the 
same states can also be obtained by the action of the Heisenberg-Weyl group 
Hi = {a^a,a^ ,a, 1} on the extremal state |0) = TT~^e~^ /^. Glauber coher- 
ent states are thus elements of the coset space of the Heisenberg-Weyl group 
modulo the stability subgroup f/(l) ® U{1) that leaves the extremal state 
invariant. (See e.g. []T^ and references therein.) This construction easily 



generalizes to other groups, in particular to SU(2), where it gives the Bloch 



coherent spin states |]T^ that we are interested in: Here the Hilbert space 
can be any one of the finite dimensional spin-j representations [j] = C^-'^^ 
of SU(2), j = |, 1, |, . . ., and the extremal state for each [j] is the highest 
weight vector \j,j). The stability subgroup is U(l) and the coherent states 
are thus elements of the sphere 5*2 =SU(2)/U(1); they can be labeled by 
Q = {9, (p) and are obtained from \j,j) by rotation: 

\n), = n,mj,j). (5) 

For spin j = ^ we find 

|cj)=p5e-4||) + (i-p)le't||), (6) 

with p = cos^ |. (Here and in the following \u!) is short for the spin-| coherent 
state |f2)i; to = Vl = {O^cj)). \]) = ||,|) and \[) = ||,— |).) An important 
observation for what follows is that the product of two coherent states for 
the same Q is again a coherent state: 

\n)j®\n)j' = (7^,®7^,v)(|J,J)®|/,/)) 

= T^j+j'\j+j',J+j') = I^W- (7) 

Coherent states are in fact the only states for which the product of a spin-j 
state with a spin-j' state is a spin-(j+j') state and not a more general element 
of [j + j'] ©•••©[ |j ~j' I ]• From this key property an explicit representation 
for Bloch coherent states of higher spin can be easily derived: 

= E f-!' yi>^(l-p)^e-tb,m). (8) 



(The same expression can also be obtained directly from (^), see e.g. 
chapter 4].) The coherent states as given are normalized (r2|f2)j = 1 and 
satisfy 

— |fi),(fi|, = P,-, (resolution of identity) (9) 

47r 



where Pj = ^ \j, m){j, m\ is the projector onto [j]. It is not hard to compute 
the Wehrl entropy for a coherent state |fi'): Since the integral over the sphere 
is invariant under rotations it is enough to consider the coherent state |j, j); 
then use \{j,j\Q)\'^ = \(\\uj)\'^''^^ = p^^ and dQ/Air = —dpd(j)/27r, where p = 
cos^ K as above, to obtain 



y\i2 



Sw{\n'){n'\) = -{2j + i)l^\{n\n')\Hn\{n\n' 

= -{2j + l) j dpp^^2j\np = ^^. (10) 

Similarly, for later use, 

{2js + i)l^\{n'\n)\'^ = {2js + i)J\pp'^^ = i. (11) 

As before the density matrix that minimizes Sw niust be a pure state |?/')(?/'|. 



The analog of theorem 1.1 for spin states is 



Conjecture 2.1 (Lieb) The minimum of Sw for states in H = C^-'^^ is 
2j7(2j + 1), 

Swmm = -{2j + 1) J ^m^)\'in\{n\^)\' > ^^, iu) 

with equality if and only if \ip) is a coherent state. 

Remark: For spin 1/2 this is an identity because all spin 1/2 states are 
coherent states. The first non-trivial case is spin j = 1. 



3 Proof of Lieb's conjecture for low spin 

In this section we shall geometrize the description of spin states, use this to 
solve the entropy integrals for all spin and prove Lieb's conjecture for low 
spin by actual computation of the entropy. 



Lemma 3.1 States of spin j are in one to one correspondence to 2j points on 
the sphere S2: With 2j points, parametrized by Uk = {Ok, 4>k), k = 1, • . • , 2j, 
we can associate a state 

\i:)=c^2Pji\ui)®...®\uJ2j)) e [j], (13) 

and every state \ip) G [j] is of that form. (The spin-^ states luk) are given 
by (^, C2 ^ fixes the normalization of \ip) , and Pj is the projector onto 
spin j .) 

Remark: Some or all of the points may coincide. Coherent states are exactly 
those states for which all points on the sphere coincide, ca G C may contain 
an (unimportant) phase that we can safely ignore in the following. This 
representation is unique up to permutation of the \ujk)- The Uk may be 
found by looking at {^{ip) as a function of f2 = {6, ip): they are the antipodal 
points to the zeroes of this function. 
Proof: Rewrite (pi) in complex coordinates for 9 ^ Q 



1 



P \ ^ A.<b „„x ^ ^i<i> 



, _ cot-e*"^ (14) 

(stereographic projection) and contract it with \il)) to find 

[1 + ZZV ^-^ V? + m/ 

^ ' m=-j ^-^ ' 

where jmax is the largest value of m for which ipm in the expansion \i\}) = 
^ '^rr\'rri) is nonzero. This is a polynomial of degree j + jmax in 2; G C and 
can thus be factorized: 

Consider now the spin | states Icjjt) = (1 + ZkZkY^{\ X) — z^l I)) ioi 1 < k < 
j + jmax and |t^„) = 1 1) for j + j^,, <m<2j. According to ([T^): 

(^kfe) = -T-; --li^ - Zk), (w|^m) = -T, (17) 

[1 + ZZ)2[l + ZkZk)2 (1 + 2:^)2 



W) = 7TT% n(^-^^)- (16) 



so by comparison with (|r^) and with an appropriate constant c 

(flllp) = 02(^^1^!) ■ ■ ■ {uj\uJ2j) = C^{Q\uJi (g) . . . ®UJ2j). (18) 

By inspection we see that this expression is still valid when ^ = and with 
the help of (j^) we can complete the proof the lemma. ■ 

We see that the geometric representation of spin states leads to a factoriza- 
tion of {yL\ip)\^. In this representation we can now do the entropy integrals, 
essentially because the logarithm becomes a simple sum. 



Theorem 3.2 Consider any state \il)) of spin j. According to lemma pj| , it 
can he written as |^) = c'iPj{\uJi) ® . . . ® \uj2j))- Let TZi he the rotation that 
turns uJi to the 'north pole', IZiluJi) = \ ]), let \^^^^) = TZi\-ip) , and let tpm he 
the coefficient of\j,m) in the expansion of I'lp'^'^^) , then the Wehrl entropy is: 

Swmm = TT I V .„. , . , ll^^f-lnc. (19) 




Remark: This formula reduces the computation of the Wehrl entropy of any 
spin state to its factorization in the sense of lemma p.l| , which in general 
requires the solution of a 2j'th order algebraic equation. This may explain 
why previous attempts to do the entropy integrals have failed. The n = 
terms in the expression for the entropy sum up to 2j/{2j + 1), the entropy 
of a coherent state, and Lieb's conjecture can be thus be written 



2j j — 1 /j—ra 

i=l m=— jf+1 



^ 2j + i - n 



Note that -ipj, = by construction of \tp^^'>): ^_- contains a factor (| | f). 
A similar calculation gives 

lnc = 2j+ /"^lnKfi|^)|l (21) 



Proof: Using lemma ^.1| , (j^), the rotational invariance of the measure and 
the inverse Fourier transform in we find 

2? 

Swmm = -{2j + l) f^m\ij)ff2^n\{uj\u,)\'-\nc 

= -(2j + l)5^/^|(fi|^«)rin|HT)r-lnc 

2i i .1 

= "(2.+i)$^ 5^ |^«P(,:U/ rfpp'+™(l-pr™lnp-lnc. (22) 

i=l m=-j "^0 

It is now easy to do the remaining p-integral by partial integration to proof 
the theorem. ■ 

Lieb's conjecture for low spin can be proved with the help of formula (|I9D. 
For spin 1/2 there is nothing to prove, since all states of spin 1/2 are coherent 
states. The first nontrivial case is spin 1: 

Corollary 3.3 (spin 1) Consider an arbitrary state of spin 1. Let ^ he 
the square of the chordal distance between the two points on the sphere of 
radius ^ that represent this state. It's Wehrl entropy is given by 

SwW = f + c.(f + il.>i). (23) 

with 

Lieb's conjecture holds for all states of spin 1: Sw{f^) > 2/3 = 2j/{2j + 1) 
with equality for yU = 0, i.e. for coherent states. 

Proof: Because of rotational invariance we can assume without loss of 
generality that the first point is at the 'north pole' of the sphere and that 



the second point is parametrized as uj2 = (6', (^ = 0), so that /i = sin^ | . Up 
to normahzation (and an irrelevant phase) 

|^)=Pj=i|T®cu) (25) 

is the state of interest. But from (^ 

|T®cD) = (l-^)i|tT) + /i^lTi). (26) 

Projecting onto spin 1 and inserting the normahzation constant c^ we find 

|V')=c^((l-^)^|l,l)+^i-^|l,0)^. (27) 

This gives (ignoring a possible phase) 

l = (^|^) = c(l-/.+ |)=c(l-|) (28) 

and so 1/c = 1 — /i/2. Now we need to compute the components of li^^^^) and 
lip^"^^). Note that \'ip^^^) = l^P) because cui is already pointing to the 'north 
pole'. To obtain l'?/'*-^-*) we need to rotate point 2 to the 'north pole'. We can 
use the remaining rotational freedom to effectively exchange the two points, 
thereby recovering the original state \ip). The components of both \ip^^^) and 
IV'^^^) can thus be read off d^^): 

^W = ^f) = c5(l - /i)5, 4^) = 42) _ c5^Vv^- (29) 

Inserting now c, \tjj[ ^ = \tpi p = c(l — yu), and |^q p = \tpQ p = c/i/2 into 
([T9| ) gives the stated entropy. 

To prove Lieb's conjecture for states of spin 1 we use (p8D to show that 
the second term in ( p3D is always non-negative and zero only for /i = 0, i.e. 
for a coherent state. This follows from 

^_lnc>^ + l-c = (30) 

with equality for c = 1 which is equivalent to /i = . ■ 




Corollary 3.4 (spin 3/2) Consider an arbitrary state of spin 3/2. Let e, 
fi, V he the squares of the chordal distances between the three points on the 
sphere of radius | that represent this state (see figure \^. It's Wehrl entropy 
is given by 

3 fe + n + u e/i + ei/ + /iz/ 1 1\ 
Sw{e,fx,u) = - + c-\^ + -1^-J (31) 

with 

i = l_l±^. (32) 

Lieb's conjecture holds for all states of spin 3/2: S'i4/(e, /i, z/) > 3/4 = 
2j/{2j + 1) with equality for e = fi = u = 0, i.e. for coherent states. 

Proof: The proof is similar to the spin 1 case, but the geometry and algebra 
is more involved. Consider a sphere of radius |, with points 1, 2, 3 on its 
surface, and two planes through its center; the first plane containing points 
1 and 3, the second plane containing points 2 and 3. The intersection angle 
of these two planes satisfies 



2 cos0A/e/i(l — e)(l — /i) = e + /i — z/ — 2e/i. (33) 

is the azimuthal angle of point 2, if point 3 is at the 'north pole' of the 
sphere and point 1 is assigned zero azimuthal angle. 

The states \ip^^^), IV'*'^^)) ^^^ \ip^^^) all have one point at the north pole of 
the sphere. It is enough to compute the values of |^m P ^^ one i, the other 

10 



values can be found by appropriate permutation of e, /i, z/. (Note that we 
make no restriction on the parameters < e, fi, u < 1 other than that they 
are square chordal distances between three points on a sphere of radius |.) 
We shall start with i = 3: Without loss of generality the three points can be 
parametrized as cj| = {9, 0), lu2 = {0, 0), and ci;3 = (0, 0) with /x = sin^ | 
and e = sin^ |. Corresponding spin-| states are 

kP) = (l-/i)^|T)+/i^U), (34) 

l-f) = (l-.)^e^|T) + e^e^li), (35) 

kf) = IT), (36) 



and up to normalization, the state of interest is 

= (l-e)2(l-/i)2e 2 I-,-) 

+ (^(1-^)26262 +^2(l_e)2e 2 j -^l2'2^ 
1 1 i^ 1 3 1 

This gives 

l^fp = (l-e)(l-/i), (38) 

2 

l^fr = ^ (e(l - /i) + /i(l - e) + 2 v/e/i(l - /i)(l - e) cos 

2 . ^ 2 , , z/ 

= -e(l-/i) + -/i(l-e)--, (39) 

i^^ir = f, (40) 

2 O 

and I'i/'l^s P = 0. The sum of these expressions is 

i = m = 1 - ^ifi^. (41) 
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Figure 2: Spin 2 

with < 1/c < 1. The case i = 1 is found by exchanging fi ^-^ u (and also 
3 ^->- 1, (j) ^->- —(p). The case z = 2 is found by permuting e ^ fi ^ u —>■ e 
(and also 1 — > 3 — i> 2 — > 1). Using (|I9|) then gives the stated entropy. 

To complete the proof Lieb's conjecture for all states of spin 3/2 we need 
to show that the second term in ( |3TD is always non-negative and zero only 
for e = fi = u = 0. From the inequality (1 — x) ln(l — x) > —x + x'^/2 for 
< X < 1, we find 

with equality for c = 1. Using the inequality between algebraic and geometric 
mean it is not hard to see that 

e + fi + u \ ^ ^ efi + ue + fiu 

with equality for e = // = z/. Putting everything together and inserting it 
into ( pID we have, as desired, Sw > 3/4 with equality for e = /i = z/ = 0, z.e. 
for coherent states. ■ 

Corollary 3.5 (spin 2) Consider an arbitrary state of spin 2. Let e, fi, v, 
a, (3, 7 he the squares of the chordal distances between the four points on the 
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sphere of radius | that represent this state (see figure). It's Wehrl entropy is 
given by 

Sw{e,fi,iy,a,(3) = - + c- la+-\n-], (44) 

where 

and 



- = ^{-\E®-IE&-Eo+3E®) («) 



12 
with 



22 © = ctAi^ + ^P^ + e/^7 + ct/^T) (47) 

^0="e + /3/x + 7z/, ^©=a + /3 + 7 + /x + z/ + e, (48) 

^ © = Q;/i + Q;z/+/iz/ + /9e + /9z/ + ez/ + e7 + e/i + /i7 + Q;/9 + Q;7 + /97.(49) 

Remark: The fact that the four points he on the surface of a sphere imposes 
a comphcated constraint on the parameters e, /i, u, a, [3, 7. Although we 
have convincing numerical evidence for Lieb's conjecture for spin 2, so far 
a rigorous proof has been limited to certain symmetric configurations like 
equilateral triangles with centered fourth point (e = /i = z/ and a = /9 = 7), 
and squares {a = [3 = e = fi and 7 = z/). It is not hard to find values of 
the parameters that give values of Sw below the entropy for coherent states, 
but they do not correspond to any configuration of points on the sphere, so 
in contrast to spin 1 and spin 3/2 the constraint is now important. Sw is 
concave in each of the parameters e, /i, u, a, (3, 7. 

Proof: The proof is analogous to the spin 1 and spin 3/2 cases but the 
geometry and algebra are considerably more complicated, so we will just 
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give a sketch. Pick four points on the sphere, without loss of generahty 
parametrized as uj[ = (0,0), cjg = (6*, 0), cjg = (0,0), and lu]^ = {9,(j)). 
Corresponding spin | states are \uJi ), |i^2 ), |i^3 ), as given in 
(H), and 



|43)^ = (l-^)le^|T)+7^e^|i). (50) 
Up to normahzation, the state of interest is 

|^(=^)) = P,=2\ou?^ ® ^f ® 4'^ ® ^?)- (51) 

In the computation of |^m P "^^ encounter again the angle (p, compare 



([33|),and two new angles (f) and — 0. Luckily both can again be expressed 



as angles between planes that intersect the circle's center and we have 

2cos0a/;U7(1 — /i)(l — 7) = /i + 7 — a — 2/i7, (52) 

2cos(0-0)v/e7(l-e)(l-7) = 1 + e - P - 2^e, (53) 

and find 1/c = ^^ iV'm P ^s given in (^5]). By permuting the parameters 
e, fi, u, a, P, 7 appropriately we can derive expressions for the remaining 



',W|2 



I'j/'m I s and then compute Sw (@) with the help of ([T9|) . 



4 Higher spin 

The construction outlined in the proof of corollary |X^ can in principle also 
be applied to states of higher spin, but the expressions pretty quickly become 
quite unwieldy. It is, however, possible to use theorem ^^ to show that the 
entropy is extremal for coherent states: 

Corollary 4.1 (spin j) Consider the state of spin j characterized by 2j ~1 
coinciding points on the sphere and a 2j 'th point, a small (chordal) distance 
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£2 away from them. The Wehrl entropy of this small deviation from a coher- 
ent state, up to third order in e, is 



2j + 1 8j2 



Sw{e) = ,^-^ + —e' +0[e% (54) 

with 



- = 1 e (exact). (55) 

c 2] 

A generalized version of Lieb's conjecture, analogous to (^, is [^ 

Conjecture 4.2 Le^ |V^) 6e a normalized state of spin j, then 

(2js+l)l^\{n\i;)\'^<l, s>l, (56) 

with equality if and only if {ip) is a coherent state. 

Remark: This conjecture is equivalent to the "quotient of two Holder in- 
equalities" (^). The original conjecture p. 1| follows from it in the limit s ^ 1. 
For s = 1 we simply get the norm of the spin j state \ip), 

where Pj is the projector onto spin j. We have numerical evidence for low 
spin that an analog of conjecture ^.21 holds in fact for a much larger class of 



convex functions than x* or xlnx. 

For s G N there is a surprisingly simple group theoretic argument based 

on my. 



Theorem 4.3 Conjecture 4.i holds for s eN 



Remark: For spin 1 and spin 3/2 (at s = 2) this was first shown by Wolfgang 
Spitzer by direct computation of the integral. 
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Proof: Let us consider s = 2, \iIj) G [j] with \\'>p)\'^ = 1, rewrite ( pU] ) as 
follows and use ( ^7|) 

— i(fi®fii^®^)|2 = iP2,#®V')r- (58) 

But |V^)®|^) G [j]®[j] = [2j]©[2j-l]©. . .©[0], so |P2j#®V^)P < ||^®V^)P = 
1 unless \ip) is a coherent state, in which case {ip) ® 1"?/^) G [2j] and we have 
equality. The proof for all other s G N is completely analogous. ■ 

It seems that there should also be a similar group theoretic proof for all real, 
positive s related to (infinite dimensional) spin js representations of su(2) 
(more precisely: si (2)). There has been some progress and it is now clear 
that there will not be an argument as simple as the one given above |§. 
Coherent states of the form discussed in [|1^ (for the hydrogen atom) could 
be of importance here, since they easily generalize to non-integer 'spin'. 
Theorem E^ provides a quick, crude, lower limit on the entropy: 



Corollary 4.4 For states of spin j 

S^{\^){^\)>\n^^>0. (59) 

Proof: This follows from Jensen's inequality and concavity of Inx: 

> -ln((2j + l)|^|(f]|^)r) 



In the last step we have used theorem 4.3 



We hope to have provided enough evidence to convince the reader that it is 
reasonable to expect that Lieb's conjecture is indeed true for all spin. All 
cases listed in Lieb's original article, 1/2, 1, 3/2, are now settled - it would 
be nice if someone could take care of the remaining "dot, dot, dot" . . . 
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